The motion of a disk spinning on a horizontal surface has drawn a great deal of interest recently. The objectives of the researches are to find out what produces an increasing rattling sound and why the spinning ends so abruptly. In order to understand the behaviour of the spinning disk better, we derived a mathematical model of the rolling/sliding motion of a thin, rigid disk on a rigid, rough horizontal plane, and found the numerical solution of the related initial value problem. Then we studied the motion of the commercially available Tangent Toy disk [3] . The results show that the normal contact force becomes very large whenever the inclination of the disk becomes small. As the inclination of the disk oscillates with time, the time-graph of the normal contact force exhibits periodical peaks, which correlate well with the peaks in the recorded sound response. They could well be responsible for the rattling sound heard during the motion.
Introduction
The motion of a rigid disk on a rough horizontal plane, a typical example of which is a science toy called "Euler's disk" [3] , has been arousing a considerable interest since Moffatt [11] presented his explanation of the settling process of the spinning disk. Moffatt [11] assumed that viscous dissipation in the thin layer of air between the disk and the plane was the reason for the observed abruptness of the settling and the finite-time singularity of the angular velocity. His conclusions were supported neither by experiments performed by Caps et al. [4] , Easwar et al. [5] and van den Engh et al. [6] , nor by theoretical-experimental results by McDonald and McDonald [10] . Ruina [12] argued that, in many cases, the sliding friction was more important than the viscous dissipation. Stanislavsky and Weron [14] showed that the cusp catastrophe may occur at a sufficiently small inclination of the disk.
A more comprehensive theoretical model was proposed by Kessler and O'Reilly [8] . They assumed that the disk was a rigid cylindrical body with a sharp edge and a finite thickness. They considered the transitions from rolling to sliding (and vice versa) during motion, and accounted for a small deformability of the supporting plane, which resulted in a non-zero frictional moment in addition to the frictional force at the point of contact. The related system of differentialalgebraic equations and initial conditions was solved numerically. They made a proposition that the oscillating, and always positive normal contact force excites vibrations in the disk (and in the supporting surface), which produces the sound. They further conjectured that the vibrations would result in the disk losing contact with the surface at a small inclination. The impacts of the disk and the plane that follow will constitute an abrupt end of the motion [8] .
In the present paper, we explain what produces the rattling sound during the spinning and the settling of the disk. We derive a similar, yet not fully equal rigid-body model of the motion of the disk. We consider the sliding of the disk and the air resistance, but neglect the deformability of the supporting plane, the frictional moment and the thickness of the disk. In the first part of the paper, we briefly describe the governing equations of the motion of the disk and discuss the conditions for the transition between the rolling and sliding.
The essential part of the paper is the presentation and the discussion of the numerical results for the spinning motion of the Tangent Toy Euler's disk [3] .
We also present the analytical relations between the normal contact force and the inclination of the disk. These relations show periodic peaks occuring with the frequency which very well correlates with the "rattling" frequency of the recorded sound response of the Tangent Toy Euler's disk [3] .
2 Description of the model and the equations of motion Coordinate systems. We consider the disk to be a rigid, planar, homogeneous, perfect circular body of mass m and radius a with the thickness small enough to be neglected. The geometry of the disk is described in a moving Cartesian coordinate system (x, y, z) with its origin at the center of the mass of the disk, and with the right-handed ortho-normal basis (e x , e y , e z ). [Base vector e z is perpendicular to the disk during motion; e x points to the current contact point between the disk and the horizontal surface, and e y = e z × e x .]
The position of the disk relative to the space is described in a spatial Cartesian coordinate system (X, Y, Z) with the origin at a point on the horizontal plane, and with the right-handed ortho-normal basis (E X , E Y , E Z ). [Base vectors E X and E Y lie in the plane, and E Z is its normal so that
The relation between the two bases is described by the first two of the 3-2-3
Euler angles, precession ψ and nutation ϑ [7] .
Kinematics. The components of the angular velocity vector of the moving frame, ω, and of the disk, Ω, both with respect to the moving basis, are
Rotation ϕ is the third of the 3-2-3 Euler angles.
The position of the disk and its particles in space is fully determined by the position vector of the center of the mass of the disk
and by the rotation of the body, identified by angles ψ, ϑ, ϕ. However, not all of the six coordinates, X, Y, Z, ψ, ϑ, ϕ, are independent, because the disk is constrained to roll or slide on the plane.
We assume that the disk and the plane are in a single-point contact. Let the material point (a 'particle' of the disk), currently in contact with the plane, be denoted by C, its position vector relative to the center of the mass by ρ C = ae x , and its velocity vector by v C . As material point C must remain on the plane, its velocity vector is the planar vector
The velocity vector is described by the slip speed of the contact material point, v C ∈ (−∞, ∞), and by the slip direction, e s , uniquely described by its inclination angle, β ∈ [0, 2π], with respect to axis E X . If the disk is rolling, v C = 0 ; consequently, v C = 0, while β does not have sense.
Since the disk is assumed to be rigid, the velocity of the contact material point is related to the velocity of the center of the mass, v , and the angular velocity vector of the disk, Ω, by the equation
In the sliding case, we will employ the contact point velocity vector and not the velocity of the mass center as the basic unknown. In this case
will be substituted with v C and Ω whenever v will be needed in the derivation of the equations of motion.
Forces. We consider three external forces on an isolated disk: the vertical gravitational force, F g = −mgE Z ; the reactive force at the point of contact, R C ; and the air resistance over the side surfaces of the disk which results in point force and moment vectors at the center of the disk, F a and M a .
Force R C at the contact has two vector components: the normal force N = N E Z (N ≥ 0), and the frictional force T . In the sliding case, the frictional force acts opposite to the sliding, i.e.
where
The two force components, T ≥ 0 and N ≥ 0, are assumed to be related by the Coulomb law which says that during sliding their ratio is equal to the dynamic coefficient of friction, µ d ≥ 0:
In the rolling case, T is not directly related to N . It must be small enough, though, to prevent the slip, i.e., it must satisfy the inequality
Here µ st ≥ µ d is the static coefficient of friction. Both dynamic and static coefficients of friction are assumed to be constant during the motion.
We assume that the surface traction due to the air resistance, p a , acts at each material point of the disk surface in the opposite direction of its velocity vector relative to the air, with the intensity which is linearly proportional to the relative normal velocity of the air. That is,
The ever ϑ ∈ (0, π) [13] .
Equations of the motion of the sliding disk. When the disk slides, the equations of motion are reformulated in the following manner: in the first step, we substitute the components of the velocity vector of the center of mass, V X and V Y , with v C and α by using equations (6), (4) and (8) . In the second step, we substitute R X and R Y with T and α, using equation (7) . In the last step, after inserting equation (9), we eliminate T and N . After adding the angle-angular velocity relations (1) and (2) 
the current values of these variables at the end of the rolling motion. Note that when the dynamic and static friction coefficients are different (which is often the case), the frictional force T suffers a discontinuity jump.
During the sliding motion, the slip speed changes with time. At a particular time it may vanish. Which kind of the motion follows, depends on the ratio of contact forces, T r /N r , determined from the current values of variables from the equations of the motion for the rolling disk (see Box 1):
The time derivativesV X ,V Y andV Z , required in equations (12) ) by the Matlab function Events.
We assume that the disk has the same dimensions as the Tangent Toy Euler's disk [3] , i.e. a = 3.755 cm, m = 0.4387 kg. In the analysis we disregard the thickness of the disk.
The dynamic coefficient of friction was chosen to be µ d = 0.115, as obtained in the friction coefficient measurements performed on the Tangent Toy disk [2] .
The static coefficient of friction was assumed to be somewhat bigger (µ st = 0.2). These are generally small, yet realistic values for the Tangent Toy disk.
As in [8] we take that the disk is initially inclined to the horizontal plane and given an initial angular velocity about e x . The corresponding initial conditions are: 
It is clear from these graphs thatθ is not a slowly varying function of time.
This quantity is not small compared toψ either (see Figure 4) , as assumed by
Moffatt [11] and Stanislavsky and Weron [14] in their theoretical derivations of the finite-time settling of the disk. The variations of ν with time are depicted in Figure 5 . The figure shows that the sliding is almost regularly interrupted by a short interval of the rolling.
We can observe abrupt changes of ν from 0.115 to 0.2 (and vice versa), which is due to the difference between the static and dynamic coefficients of friction.
The variation of the slip speed is displayed in Figure 6 for short intervals of m/s), but it is still non-zero and remains such, because the static coefficient of friction is so small. This kind of behaviour will in our model continue for t > 100 s, i.e. the disk will never start a pure rolling motion. is easily obtained by the elimination of time derivativeV Z from N = m(V Z +g) using the equations of the motion given in Boxes 1 and 3 (while neglecting the air resistance). For the rolling motion, the analytical solution gives:
where α 1 and α 2 denote
[A and C are the moments of inertia about the axes y and z of the disk (see Box 1) .] α 1 and α 2 are finite for any ϑ and any finite angular velocities Ω x , Ω y and Ω z . In contrast, the normal contact force grows towards infinity when ϑ approaches 0 or π. For a given α 1 and α 2 , but with ϑ approaching 0 (or π), the graph N vs ϑ of (13) exhibits the peak whose shape completely agrees with the one found numerically (see Figure 8 ). In short, equation (13) clearly shows that the amplitude of the normal contact force largely depends on the current inclination, ϑ, of the disk, and tends to infinity when ϑ goes to 0 or
For the sliding motion, the analytical solution gives:
where α 3 and α 4 are given by
with β 0 being an auxiliary variable
As in the rolling case, α 3 and α 4 are finite for any ϑ and finite angular veloci-
ties. The numerical test shows that β 0 is not equal to zero during the motions studied here. Therefore, the normal contact force grows towards infinity when 
